Micromechanics of toughening in ductile/brittle polymeric microlaminates: Effect of volume fraction  by Sharma, Rajdeep et al.
Available online at www.sciencedirect.comInternational Journal of Solids and Structures 45 (2008) 2173–2202
www.elsevier.com/locate/ijsolstrMicromechanics of toughening in ductile/brittle polymeric
microlaminates: Eﬀect of volume fraction
Rajdeep Sharma a,b, Mary C. Boyce a,*, Simona Socrate a
a Department of Mechanical Engineering, Massachusetts Institute of Technology, 77 Massachusetts Avenue, Cambridge, MA 02139, USA
b General Electric Global Research, 1 Research Circle, Niskayuna, NY 12309, USA
Received 27 June 2007; received in revised form 17 October 2007
Available online 14 December 2007Abstract
Ductile/brittle microlaminates, comprised of alternating layers of ductile polymer [e.g., polycarbonate (PC)] that inelas-
tically deform by shear yielding, and brittle polymer [e.g., styrene-acrylonitrile (SAN), polymethylmethacrylate (PMMA)]
that undergo crazing in tension, oﬀer a strategy for tensile toughening by capitalizing on the synergistic interactions between
crazing and shear yielding. This work presents a micromechanical model for PC/PMMA ductile/brittle laminates that cap-
tures the constituent volume fraction dependence of the macroscopic behavior, as well as the underlying micro-mechanisms of
deformation and tensile failure, in particular the synergy between crazing and shear yielding. The ﬁnite element implemen-
tation of the model considers both two-dimensional and three-dimensional representative volume elements (RVEs), and
incorporates continuum-based physics-inspired descriptions of shear yielding and crazing, along with failure criteria for
the ductile (PC) and brittle (PMMA) layers. The interface between the ductile and brittle layers is assumed to be perfectly
bonded. The 3D RVE models successfully capture the macroscopic tensile stress–strain behavior of the ductile/brittle lam-
inates at varying constituent volume fractions and the corresponding underlying micromechanisms of deformation and fail-
ure. The transition from brittle to ductile laminate behavior is in agreement with experimental data and is found to occur as
the fraction of the ductile layer is increased to 0.60. The simulations reveal the brittle to ductile cross-over to be governed by
the ability of the ductile layers to constrain the dilation and growth of crazes in the brittle layer. In particular, after the crit-
ical volume fraction of the ductile constituent is attained, surface edge crazes are inhibited from tunneling across the width
of the specimen which then leads to reduced crazing/cracking and increased shear yielding. 2D RVE models are unable to
adequately account for the deformation and toughness of PC/PMMA microlaminates as a function of the constituent vol-
ume fractions, as they neglect any distribution of inelastic events in the laminate-width (out-of-plane) direction.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Ductile/brittle polymer microlaminates are comprised of alternating layers of a ductile polymer that inelas-
tically deforms by shear yielding, and a brittle polymer that undergoes crazing in tension. The layer thickness-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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Fig. 1. (a) The eﬀect of PC volume fraction, fPC, on the nominal stress–strain response of 32-layered PC/PMMA. Laminate
thickness = 1 mm; strain rate = 1.7 · 103s1 (redrawn from Kerns et al. (2000)); (b) specimen geometry used by Kerns et al. (2000).
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of polymeric microlaminates can be traced to Schrenk and Alfrey and co-workers (e.g., Schrenk and Alfrey,
1969; Schrenk and Alfrey, 1978; and Radford et al., 1973). Detailed studies of the deformation mechanics of
ductile/brittle microlaminates1 by Baer and co-workers (e.g., Gregory et al., 1987; Ma et al., 1990; Shin et al.,
1993a,b; Sung et al., 1994a,b,c; Kerns et al., 2000) have identiﬁed the operative micromechanisms of deforma-
tion and failure. Baer et al. have found that high tensile ductility in ductile/brittle laminates is favored with (a)
increasing volume fraction of the ductile component in the laminate, (b) increasing number of layers for ﬁxed
macroscopic thickness (i.e., decreasing absolute layer thicknesses), and (c) decreasing strain rate. These depen-
dencies have been linked to synergistic competitions and interactions between shear yielding and crazing in the
constituent layers.
Fig. 1(a) (Kerns et al., 2000) depicts the nominal stress–strain curves for a set of 32-layered PC/PMMA
laminates (with laminate thickness 1 mm) and indicates the beneﬁcial eﬀect of increased PC volume frac-
tion,fPC, on tensile toughness. Increase of fPC in the range 0.3 to 0.5 leads to modest increases in macroscopic
ductility, after which at fPC = 0.6, there is a jump in ductility.
2 Fig. 2 shows the edge3 surface craze microstruc-
ture in a necked PC/PMMA specimen with fPC = 0.7, after being subjected to tension at a nominal strain rate
of 1.7 · 103 s1; numerous crazes originate at the edge surface and suggest multiple crazing events to be a
toughening mechanism in these laminates. A principal ﬁnding of Baer and co-workers, most clearly seen in
optical micrographs of the edge surface of PC/SAN laminate (for example, see Fig. 3a), are the interactions
of crazes and shearbands amongst the constituent layers. The ductile PC layers exhibit profuse diagonal shear
banding and the brittle layers exhibit profuse crazing. The stress concentration sites provided by crazes in a
given SAN (or PMMA) layer nucleate shearbands in PC, which propagate diagonally to traverse the entire
thickness of a PC layer; in return, the traversing PC shear bands nucleate crazes in the PMMA (or SAN) layer.
This continuing interchange provides a profusion of crazing and shear banding events.
Although Baer and coworkers primarily delineate the micromechanisms of cooperative crazing and shear
banding using optical micrographs taken of the edge surface of the laminate, one of their studies also explored
the penetration of these interactions across the width of the laminate. In Sung et al. (1994c), micrographs were1 Other microlaminate systems such as the ductile/ductile polyethylene-terephthalate (PET)/PC and the brittle/brittle polystyrene (PS)/
PMMA have been discussed elsewhere (Ivan’kova et al., 2004a,b; Balta Calleja et al., 2005; Adhikari et al., 2006).
2 Kerns et al. (2000) used a gently waisted specimen geometry, shown in Fig. 1(b), in their uni-axial experiments on PC/PMMA
laminates, resulting in an axial stress that varies with axial position which, in turn, favors inelastic events to initiate at the minimum cross-
section. Nominal stress was deﬁned as load divided by the initial cross-sectional area of the waist. The axial nominal strain and axial
nominal strain-rate were based on the total specimen length of 60 mm; local strain and local strain-rate were not provided.
3 Note that the 1-direction coincides with the axial direction, the 2-direction corresponds to the specimen edge, and the 3-direction
corresponds to the width (see Fig. 1(b)).
Fig. 2. Micrograph of the edge surface of the necked region of the 32-layered PC/PMMA for the fPC = 0.7 case of Fig. 1 (from Kerns et al.
(2000)). The loading (and co-extrusion) direction is the 1-direction; the 2-direction is the direction that traverses the specimen thickness; the 3-
direction is the direction that traverses the specimenwidth. Indicated lengthscale bar corresponds to 50 lm. (Taken from J.Appl. Polym. Sci.,
Vol. 77, No. 7, 2000, pp.1545-1557.  2000 John Wiley & Sons, Inc. Reprinted with permission of John Wiley & Sons, Inc.).
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Fig. 3. Schematics qualitatively representing optical micrographs, in the 1–2 plane, of PC/SAN (see Sung et al., 1994c for the optical
micrographs) with fPC = 0.65. (a) and (b), respectively, show the craze morphology at a depth of 20 and 60 lm from the free surface,
indicating that crazes emanating from the surface do not necessarily propagate completely in the 3-direction.
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ing along the 3-direction to successively interior planes. As shown in Fig. 3, when the volume fraction of duc-
tile layers is large enough, crazes do not tunnel all the way across the width of the specimen; the craze density
near to the edge surface (Fig. 3(a)) is signiﬁcantly greater than the craze density at an interior location
(Fig. 3(b)). Fig. 4 shows the dependence of this craze tunneling in the 3-direction on the volume fraction of
the ductile layer, revealing crazes to fully tunnel across the specimen width when fPC = 0.28 in contrast to
insigniﬁcant tunneling when fPC = 0.65. An important conclusion is that the extent to which crazes initiating
at the edge surface tunnel into the laminate interior and fully propagate across the width of the specimen
depends on the PC volume fraction of the laminate—the lower the fPC, the greater is the tendency of crazes
to propagate or ‘‘tunnel’’ across the width of the specimen. Both micrographs, corresponding to schematics in
Fig. 4, were obtained at peak axial load: for the lower fPC case, crazes have ‘‘tunneled’’ through the entire
width of the specimen, leading to failure of the specimen and to corresponding decrease in ductility. Hence
it is not necessarily the profusion of crazing and shear banding events observed on the edge surface that leads
to enhanced toughness, but instead it is the prevention of tunneling of these surface crazes that ultimately
leads to higher ductility.
Although ductile/brittle laminates have been experimentally studied in detail and some understanding of
the shear yielding and crazing interactions and competition has been achieved through the detailed microgra-
phy work of Baer and coworkers, microstructural models of ductile/brittle laminates that can give detailed
insight into the three-dimensional interactions between the layers governing the laminate deformation and fail-
Fig. 4. Schematics qualitatively representing optical micrographs, in the 1–3 plane, of PC/SAN (see Sung et al., 1994c for the optical
micrographs) with layer thicknesses (a) tPC = 13 lm, tSAN = 33 lm (fPC = 0.28), (b) tPC = 29 lm, tSAN = 16 lm (fPC = 0.65). In both (a)
and (b), schematics correspond to the peak stress and show that the surface crazes in (a) tunnel through the width, while in (b), they do not.
Stress-strain curve redrawn from Sung et al. (1994c).
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the use of micromechanical models to reveal the underlying physics that govern the eﬀects of PC and PMMA
relative volume fractions on the tensile toughness of the laminate.
2. Model
The underlying physics that govern the macroscopic tensile behavior of ductile/brittle laminates are studied
using two-dimensional (2D) and three-dimensional (3D) micromechanical models that capture representative
features of the laminate morphology. The proposed micromechanical models for microlayered polymeric lam-
inates include three components: the geometric description of the laminate morphology of the representative
volume element (RVE); constitutive descriptions of the material constituents—PC and PMMA; and a descrip-
tion of the material interface and its idealization.
2.1. Descriptions of the 2D and the 3D RVEs
Fig. 5(a) shows the ﬁnite element model of a 2D RVE for the case of PC volume fraction fPC = 0.7.
5 Each
bilayer is spanned by 20 plane strain, bilinear reduced integration elements (ABAQUS type CPE4R) with ini-
tial element aspect ratios of unity, giving a mesh of 87 by 87 elements or a total of 7569 elements. The element
size of 1 lm was chosen to adequately capture craze breakdown (see Section 2.2.2.3). Similar 2D RVEs were4 Seelig (2007) has performed 2D plane strain ﬁnite element studies on PC/SAN, where he used a cohesive zone framework to model
crazes, as well as a ﬁnite deformation viscoplastic model to account for shear yielding. While Seelig’s numerical studies qualitatively
indicate higher toughness with increasing PC volume fraction, the three-dimensional synergistic interactions between crazing and shear
yielding have not been investigated.
5 Baer and co-workers have investigated microlayered laminates in which the outermost layers were constituted of PC. We have kept this
feature in our geometric models; Fig. 5(a) actually depicts a laminate with fPC = 0.724, but we will nominally refer to it as fPC = 0.7.
Fig. 5. (a) The geometry of the 2D RVE along with relevant dimensions and boundary conditions; (b) the geometry of the 3D RVE. The
in-plane dimensions and boundary conditions are same as that for the 2D RVE. The top boundaries for both 2D and 3D RVEs are
displaced in the 1-direction to impose a nominal macroscopic strain rate of _e ¼ 1:7 103 s1.
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given in Fig. 5(a); in particular, the top boundary is displaced in the 1-direction to impose a nominal macro-
scopic strain rate of _e ¼ 1:7 103 s1, consistent with that used by Kerns et al. (2000).
Fig. 5(b) shows the 3D RVE for the case fPC = 0.7. The details described above for the 2D RVE also hold
for the 3D RVE; the 2D and the 3D RVE are identical in the 1–2 plane. In the 3-direction, the 3D RVE is
175 lm wide and is spanned by 70 elements. The mesh in the 3-direction is biased such that the mesh is ﬁner
closer to the free surface x3 = 0 lm. In particular, starting from x3 = 0 lm, the ﬁrst 10 elements are 1 micron
wide, the second set of 10 elements are 1.5 lm wide, and so on, so that the seventh set of 10 elements are 4 lm
wide. The total number of tri-linear reduced integration ﬁnite elements (ABAQUS type C3D8R) used in our
3D simulations is over 500,000. Zero displacement and zero traction boundary conditions are shown in
Fig. 5(b); the displacement of the top boundary in the 1-direction is the same as that for the 2D RVE.
The choice of mesh size in the 1-direction for PMMA layers employed in our simulations has been dictated
by our craze breakdown criterion based on critical craze thickness 2n0 = 2n0c (see Sections 2.2.2.3 and 2.2.2.4).
The same mesh size, in the 2-direction, is used for both PC and PMMA layers in order to equally resolve the
plastic deformation in PC and PMMA layers. By using the same mesh scheme in our RVE studies for all PC
volume fractions, the correct micromechanics and macroscopic trends are captured for all PC volume
fractions.
These RVEs model only a very small portion of the actual specimen. Model results will be reported in terms
of ‘‘macroscopic’’ quantities such as the RVE stress vs strain and the RVE volume vs strain. Experimental
data such as macroscopic stress–strain curves are specimen data (as described earlier) that report the nominal
stress at the specimen waist as a function of nominal strain of the specimen (a strain measure over the entire
gauge length of the specimen, not the local strain at the waist). Therefore, once the material behavior exhibits
any departure from linearity, direct comparisons between the RVE macroscopic stress–strain response and
experimental data cannot be made; however, basic trends still hold. Model results will also be presented in
the form of ‘‘microscopy’’ type images of the layer-deformed conﬁgurations.2.2. Constitutive description of the ductile and brittle layers
In the micromechanical models, the inelastic behavior of PC is governed by shear yielding. For the PMMA
layers, there are select regions, shown as black regions in Fig. 5, in which PMMA can undergo either crazing
Fig. 6. Spring-dashpot arrangement for the shear yielding model.
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yielding.6 The arrangement of craze-able regions is staggered from one layer to another. Here, we will develop
the constitutive details pertaining to shear yielding and crazing.2.2.1. Shear yielding
The three-dimensional ﬁnite deformation shear-yielding model, based essentially on the model due to Boyce
et al. (1988), includes a linear elastic spring, a rate and temperature dependent viscous dashpot to capture the
viscoplastic deformation, and a non-linear rubber elastic spring based on Langevin statistics to capture the
substantial strain-hardening observed in several glassy polymers at large strains. The three-dimensional ﬁnite
deformation kinematic framework for the ‘‘spring-dashpot’’ model (Fig. 6) is given by Boyce et al. (2001), and
was developed from the time-dependent elastomer deformation model of Bergstrom and Boyce (1998).
The reference conﬁguration is mapped into the current conﬁguration via the deformation gradient F. Com-
patibility considerations require that the deformation gradient FN acting on the Orientation Hardening Ele-
ment N be equal to the deformation gradient FM acting on the Elasto-Viscoplastic Element M:6 Th
distancFN ¼ FM ¼ F ð1ÞUsing the Kroner-Lee decomposition (e.g., Lee, 1969), the deformation gradient of the elasto-viscoplastic ele-
ment can be decomposed into an elastic and viscoplastic part:F ¼ FeFp; detFp ¼ 1 ð2Þwhere the slight dilatancy of the viscoplastic shear ﬂow is neglected. The intermediate, ‘‘relaxed’’ conﬁguration
is obtained by ‘‘pulling back’’ the current conﬁguration via Fe1. The velocity gradient L can be expressed asL ¼ _FF1 ¼ _FeFe1 þ Fe _FpFp1Fe1 ð3ÞThe velocity gradient in the relaxed conﬁguration is Lp ¼ _FpFp1 ¼ Dp þWp, where Dp and Wp are, respec-
tively, the stretching and spin tensors associated with the relaxed conﬁguration. Here, we take with no loss
of generality: Wp = 0 (Boyce et al., 1989). The ﬂow rule for shear yielding is then given by:Lp ¼ Dp ¼ _cpN ð4Þwhere N is the direction of inelastic ﬂow for shear yielding and is given byN ¼ T
M 0
kTM 0 k ð5Þis restriction reduces the computational requirements, and stems from experimental observations in which a minimum inter-craze
e is established due to local unloading of the PMMA regions immediately above and below each craze.
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0
represents the stress acting on the elasto-viscoplastic element expressed in the relaxed conﬁguration,
with the prime and bar, respectively, indicating the deviator and the relaxed conﬁguration. The plastic shear
strain rate _cp is constitutively prescribed using the Argon (1973a) model:_cp ¼ _c0 exp AsðpÞkH 1
s
sðpÞ
 5=6( )" #
ð6Þwhere _c0 is the pre-exponential factor proportional to the attempt frequency, AsðpÞ is the zero stress level acti-
vation energy, k is the Boltzmann’s constant, and H is the absolute temperature. The athermal shear strength
is taken to be pressure-dependent: sðpÞ ¼ ~sþ ap, where p is the pressure and a is the pressure sensitivity. The
resistance ~s evolves with deformation from an initial value ~s0 ¼ 0:077l=ð1 mÞ (l and m are, respectively, the
elastic shear modulus and Poisson’s ratio) to a steady-state value ~sss according to the equation_~s ¼ h 1 ~s
~sss
 
_cp ð7Þwhere h is the softening modulus, taken to be a positive constant. The applied equivalent shear stress is given
by s ¼ kTM 0 k= ﬃﬃﬃ2p .
The Cauchy stress TM is obtained as:TM ¼ 1
detFe
Le½lnVe ð8Þwhere Le is the fourth-order linear, isotropic elasticity tensor. Ve is the left stretch tensor obtained from the
polar decomposition Fe = VeRe. The stress TM associated with the relaxed conﬁguration is connected to the
Cauchy stress TM by TM ¼ ReTTMRe, under the assumption of small elastic stretches.
The stress acting on the network orientation element, TN, is given by the 8-chain network model of Arruda
and Boyce (1993a):TN ¼ 1
J
lr
ﬃﬃﬃﬃ
N
p
kchain
L1
kchainﬃﬃﬃﬃ
N
p
 
B0 ð9Þwhere J = detF, F ¼ J1=3F , B ¼ F F T and kchain ¼ ftr½B=3g1=2. The material parameters lr and N are, respec-
tively, the initial hardening modulus and the number of rigid molecular units between entanglements. L1 is
the inverse Langevin function, where L(b) = coth(b)  1/b and b ¼ L1 kchain=
ﬃﬃﬃﬃ
N
p 
. The inverse Langevin
function becomes unbounded as the chain stretch kchain approaches the locking stretch kL 
ﬃﬃﬃﬃ
N
p
, and hence
accounts for ﬁnite chain extensibility.
The total stress is given by:T ¼ TN þ TM ð10Þ
While failure in glassy polymers has been considered to be a kinetic process (Zhurkov, 1965), some simpliﬁed
time-independent approaches have focused on two limiting cases (e.g., Danielsson, 2003; Gearing and Anand,
2004a):
• Brittle failure, which is associated with cavitation in the unoriented material, is taken to occur when either
the local elastic volumetric strain Eevol reaches a critical value E
e
cr or the local hydrostatic stress reaches a
critical value. This criterion is operative under conditions of negligible plastic strain, i.e. prior to any sub-
stantial molecular alignment.
• Ductile failure, which is associated with chain scission and disentanglement in highly oriented, plastically
deforming material, is conceived to occur when the chain stretch kchain reaches a critical value kcr.
We note that the conditions for brittle failure in PC are reached at large hydrostatic stresses 85 MPa and
negligible plastic strain; brittle failure of PC is observed in the presence of notches or cracks (e.g, Nimmer and
Woods, 1992; Narisawa and Yee, 1993; Johnson, 2001; Gearing and Anand, 2004a). This condition is not met
in the uni-axial deformation of PC/PMMA laminates. Hence, the PC layers of the PC/PMMAmicrolaminates
Table 1
Shear yielding parameters for PC and PMMA
E (MPa) t _cpðs1Þ A (m3) a ~S0 (MPa) ~Sss (MPa) h (MPa) N lr (MPa) kcr
PC 2300 0.33 (2) 1015 3.31 (1027) 0.16 99 77 500 2.78 18 1.5
PMMA 3250 0.33 (2.8) 107 1.39 (1027) 0.26 137 113 315 2.1 8 1.3
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shortly.
The shear yielding parameters for PC and PMMA are given in Table 1. Except for the values of a and kcr,
all values have been taken from Arruda and Boyce (1993b). The values of a are due to Mulliken and Boyce
(2006). For PC, kcr has been estimated
7 to be 0.9 kL.
Model estimates for the uniaxial tensile true stress–true strain response of PC and PMMA8 are shown in
Fig. 7 at two diﬀerent rates, and represent a homogeneous material response with crazing suppressed.
2.2.2. Crazing
The tensile toughness of several glassy polymers such as PS, PMMA and SAN is negligible due to the phe-
nomenon of crazing. During tensile loading of these polymers, crazes initiate prior to any shear yielding and
the deformation then localizes along one of the crazes, leading to premature cracking and failure. However,
crazes themselves are manifestations of dilatational plasticity, and can result in substantial toughening in
glassy polymers, provided a large density of crazes develop throughout the material. High impact polystyrene
(HIPS), which deforms inelastically in tension by multiple crazing events, is perhaps one of the best examples
of toughened glassy polymers.
Since the 1960s, numerous studies on crazing have shed light on the craze microstructure; the diﬀerent
stages of crazing (initiation, growth and breakdown); and the dependence of crazing on various factors includ-
ing environment, molecular weight, orientation, defects, temperature and strain-rate (see reviews by, for exam-
ple, Rabinowitz and Beardmore, 1972; Kambour, 1973; Kramer, 1983; Narisawa and Yee, 1993; Argon, 1993;
Donald, 1997). Pertinent details will be brieﬂy discussed here.
Detailed, numerical studies that incorporate the physics of crazing are a recent phenomenon. Van der Gies-
sen and co-workers (Estevez et al., 2000; Tijssens et al., 2000a,b) developed a cohesive zone ﬁnite element for-
mulation of a craze to study Mode I crack-tip plasticity. Socrate et al. (2001) proposed a mechanism-inspired
cohesive zone micro-mechanical crazing model to study multiple crazing in HIPS. Gearing and Anand (2004b)
developed a macroscopic continuum model that accounts for both crazing and shear yielding, and applied it to
numerical studies on a thin plate with a hole and notched beams.
The following sub-sections discuss the three stages of crazing (initiation, growth, and breakdown) along
with a continuum level model for crazing.
2.2.2.1. Craze initiation. An unambiguous understanding of craze initiation has deﬁed researchers to this date,
partly on account of the signiﬁcant sensitivity of craze initiation to geometric ﬂaws and material heterogene-
ities. Presence of defects results in large discrepancy between the globally applied stress state and the local
stress state in the vicinity of the defect where craze initiation occurs preferentially. Therefore, craze initiation
experiments performed by various researchers, and their proposed models show some degree of incongruity.
While several craze initiation models exist, for purposes of brevity, we conﬁne our attention to the Argon and
Hannoosh (1977a) model, which we have incorporated into our ﬁnite element studies.
Among the craze initiation models, the model by Argon and co-workers (1973b,1975,1977a) is perhaps the
most detailed and well-tested. Consistent with the time-dependence of craze nucleation, Argon and co-workers
developed the theory of crazing within a kinetic framework, which ﬁnally led to the Argon-Salama model
(1977). The Argon-Hannoosh criterion postulates that the critical event in craze nucleation is the formation7 This value for kcr can be compared to that used by Johnson (2001): 0.85 kL, and by Gearing and Anand (2004a): 0.82 kL. Sharma (2006)
conducted a sensitivity study investigating the eﬀects of the precise value of kcr on the micro- and macro- behavior of ductile/brittle
laminates showing, within a reasonable range of kcr = 0.8-0.9 kL, the results are not sensitive to the value of kcr.
8 PMMA typically undergoes craze failure in the linear region shown in Fig. 7.
Fig. 7. Uni-axial tensile stress–strain response of PC and PMMA (crazing is numerically suppressed) at true strain-rates of 0.0017 s1 and
0.017 s1.
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Mises stress re (Argon, 1975). The cavities undergo plastic growth in the presence of a critical hydrostatic
stress, which is dependent on the level of local micro-porosity. These considerations lead to the following
expression for the craze initiation time ti (Piorkowska et al., 1990):9 No
represeti ¼ s exp Cre 
3rh
2QY
 
ð11Þwhere s is a characteristic time constant, C is a temperature dependent constant proportional to the activation
energy of the micro-shear processes, Q is a multiplicative factor that reduces the critical hydrostatic stress
needed for plastic growth of cavities, and Y is the tensile yield strength.
Eq. (11) gives the craze initiation time for ﬁxed values of rh and re. For the proportional loading conditions
of interest here, Eq. (11) is interpreted to give the instantaneous value of the craze initiation time ti(t
0) due to
the applied rh(t 0) and re(t 0) at some time t 0 (Socrate et al., 2001). For a time-varying stress history, Eq. (11) is
generalized to:9Z t
0
dt0
tiðt0Þ ¼ 1 ð12Þ2.2.2.2. Craze growth. Craze growth consists of two main aspects (e.g., Kramer, 1983)—craze lengthening by
the advance of the craze-tip, in the plane of the craze, which results in the generation of more ﬁbrils, and craze
thickening or opening, which occurs perpendicular to the craze plane and results in the separation of the craze
surfaces as well as lengthening of the craze ﬁbrils.
Argon and Salama (1977) proposed that craze-tip advance is governed by meniscus instability through a
process of repeated convolutions of the craze front. The meniscus instability mechanism is consistent with
the topology of the craze matter, and with experimentally observed craze growth kinetics. According to the
Argon-Salama model (1977), the velocity of the advancing craze-tip is given by:v ¼ v0
bY
r1
exp  B
kH
1 k
0
1r1bY
 5=6( )" #
ð13Þwhere bY  0:133l=ð1 mÞ (where l and m are, respectively, the shear modulus and the Poisson’s ratio) is the
athermal plastic resistance to plastic ﬂow, B/kH is the eﬀective activation energy for plastic ﬂow, k01 is an ori-te that for non-proportional stress histories, craze nucleation is controlled by complex kinetics for which Eq. (12) is not an adequate
ntation; for details see Argon and Hannoosh (1977b), Socrate et al. (2001) and Sharma (2006).
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10 As the craze-tip ad-
vances, the craze also thickens in the direction of the maximum principal stress primarily due to a drawing
mechanism (Lauterwasser and Kramer, 1979). Based on their observations in particle-toughened polystyrene,
Argon and co-workers (Piorkowska et al., 1990; Dagli et al., 1995; Argon, 1999) have used the following
expression for the craze thickening rate:10 It i
initiati
11 In
bulk; t
to the_n0 ¼ a^v ¼ a^v0
bY
r1
exp  B
kH
1 k
0
1r1bY
 5=6( )" #
ð14Þwhere a^ is considered to be a constant here. The separation velocity of the craze surfaces is 2 _n0.
2.2.2.3. Craze breakdown. The breakdown of crazes due to the failure of craze ﬁbrils was shown by Kramer
and Berger (for e.g., Berger (1990) and Kramer and Berger (1990)), through careful microscopy on thin PS
ﬁlms, to invariably initiate at the craze-bulk interface (active zone). TEM observations indicate that pear-
shaped voids, initiated at the active zone, grow and result in the failure of the entire craze structure.
Micromechanisms of failure of the entire craze following crack initiation in the active zone were investi-
gated by Brown (1991), who showed that cross-tie ﬁbrils, which bridge the primary craze ﬁbrils parallel to
the maximum principal stress direction, transmit stress from the broken ﬁbrils to the unbroken ones resulting
in the failure of the entire craze structure. Subsequently, Kramer and coworkers (e.g., Hui et al. (1992) and
Sha et al. (1995, 1997, 1999)) have extended and further quantiﬁed Brown’s work, providing details of the
dependence of breakdown on the ﬁbril network structure and the strain rate.
In our model, we associate the onset of craze breakdown with the attainment of a critical value for the craze
thickness (opening), 2n0 = 2n0c. Based on the experiments of Doll (1983), who showed that for crack speeds in
the range 108 to 101 mm/s for PMMA, the maximum craze thickness is only weakly rate-dependent, we
have taken the critical craze opening 2n0c to be rate independent.
2.2.2.4. A continuum framework of crazing. For the selected regions of the PMMA layers (black regions in
Fig. 5) in which PMMA can undergo either crazing or shear yielding, the two inelastic deformation processes
are in competition. For a given deformation history, if shear yielding conditions are met prior to the onset of
crazing the PMMA response is modeled according to the framework introduced in Section 2.2.1, and crazing
is suppressed. For the deformation histories considered in this study, a craze will typically nucleate prior to
any viscoplastic ﬂow. In our ﬁnite element studies, the deformation response prior to craze initiation and shear
yielding is controlled by the elastic element in the elastic-viscoplastic leg (‘‘M’’)11 of the model in Fig. 6. A
craze is taken to nucleate when Eq. (12) is satisﬁed, and the process of craze thickening in the direction of
the maximum principal stress begins. Due to the very nature of ﬁnite element discretization, each craze is asso-
ciated with a layer of ﬁnite elements, whose initial surface is oriented normal to the maximum principal stress
direction. Finite elements that deform by crazing will be conveniently referred to as ‘‘craze’’ elements. Fig. 8
shows a schematic of a craze element (Socrate et al., 2001). The element includes craze ﬁbrils of current length
2n0(t), as well as bulk matter of current length 2g0 (t) that acts as a source of material for craze ﬁbril drawing
by the surface drawing mechanism. The zero subscript indicates the elastically unloaded conﬁguration. For
convenience, cross-tie ﬁbrils are not shown in Fig. 8. Initially, the element contains only uncrazed (or bulk)
matter, i.e., n0(0) = 0 and g0(0) = h0/2, where h0 is the initial element thickness. The craze element thickens
in the direction of the maximum principal stress (Fig. 8). The maximum principal stress direction is e1 with
thickening rate 2ð _n0ðtÞ þ _g0ðtÞÞ. The mass of the bulk matter, of density q, that is drawn into the craze ﬁbrils
is q[g0 (t = 0)  g0(t)], which by conservation of mass is equal to qcn0(t), the mass of the craze matter of eﬀec-
tive density qc. Hence, the rate of bulk matter consumption, _g0ðtÞ, and the normal rate of propagation of the
craze/bulk interface, _n0ðtÞ are related bys noteworthy that the craze-tip advance depends only the local maximum principal stress, and can occur even if rh < 0, unlike craze
on (Kramer, 1983).
our modeling framework, the ‘‘N’’ leg is associated with orientation hardening resulting from large-strain shear deformation in the
he contribution of the N spring to the initial stiﬀness is negligible compared to the contribution from the intermolecular stiﬀness due
‘‘M’’ leg. Hence, not including the ‘‘N’’ leg does not aﬀect craze initiation in our models.
Fig. 8. Schematic of a craze ‘‘element’’.
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kf
ð15Þwhere kf = q/qc is the ﬁbril extension ratio.
Consistent with the requirements for a continuum framework of crazing, we deﬁne an eﬀective strain rate
across the craze element as_ec ¼
_n0ðtÞ þ _g0ðtÞ
nðtÞ þ gðtÞ ð16Þwhere 2n(t) and 2g(t) are the craze and bulk thicknesses in the loaded (current) conﬁguration, and are, respec-
tively, estimated by n ¼ n0½1þ r1=Ccraze11  and g ¼ g0½1þ r1=Cbulk11 , where Ccraze11 and Cbulk11 represent, respec-
tively, the elastic stiﬀness of the crazed and bulk matter in the maximum principal stress direction. Elastic
properties for the 3D craze structure consider the transversely isotropic cellular structure of the craze, where
the details are given in Appendix A. The craze physics are incorporated within the following three-dimen-
sional, ﬁnite deformation framework, which corresponds to a rheological model representation with a spring
and viscoplastic dashpot in series (analogous to the ‘‘M’’ leg of Fig. 6).
The ﬁnite deformation kinematics begin withF ¼ FeFp; detFp > 1 ð17Þwhere detF p > 1 due to the dilatant nature of the crazing process. The Cauchy stress is obtained by:T ¼ 1
detFe
LTI½lnVe ð18Þwhere LTI is the eﬀective fourth-order linear, transversely isotropic elasticity tensor for the craze element (see
Appendix A). The elastic properties of the craze element are obtained through the homogenization of the elas-
tic properties of the bulk matter, which is assumed to be isotropic, and the elastic properties of the craze. Note
that LTI reduces to Le prior to the onset of crazing. Spectral decomposition of T yields the maximum principal
stress r1 (in direction e1), which is then used to obtain the kinematic quantities _n0, _g0, kf, and ﬁnally the ‘‘craze
strain rate’’ given in Eq. (16). The craze ﬂow rule is written as:Dp ¼ _ece1  e1 ð19Þ
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when the bulk matter in the element is consumed. This can be shown to imply, by Eq. (15) and the initial con-
ditions on g0 and n0, that 2n0c = kfh0 where kf is a constant. While this craze breakdown condition artiﬁcially
ties the maximum craze opening with the initial element thickness h0 in the direction of the principal tensile
loading, and the ﬁbril extension ratio kf, suitable meshing with h0 = 1 lm (and noting that kf  2 for PMMA
(Kramer, 1983)), the condition g0 = 0 is equivalent to a maximum craze opening of 2 lm, which is in good
agreement with the maximum craze thickness values for PMMA reported by Doll (1983). Hence, absolute ele-
ment size has an inherent meaning in these simulations and permits us to examine the lengthscale eﬀect
observed in microlayered polymers (addressed in simulations detailed in Sharma (2006)). Fig. 9 shows the
r1  2n0 response of a PMMA plane-strain craze element of dimensions 1 lm · 1 lm, based on the craze
properties of PMMA hompolymer given in Table 2 (see Section 2.2.2.5), when the element is deformed with
a velocity v1 = 1.7 · 103 lm/s in the maximum principal stress direction. Fig. 9 shows that after craze initi-
ation, the stress drops to a steady state value. The craze continues to thicken until the criterion for craze break-
down, 2n0 = 2 lm, is met. We note that the ‘‘perfectly plastic’’ nature of the r1  2n0 response is corroborated
by molecular dynamics simulations of Rottler and Robbins (2003) who found that the craze ﬂow stress does
not increase with craze thickening while the mechanism of drawing uncrazed matter from the bulk into the
craze ﬁbrils is operative. However, in their simulations, Rottler and Robins encountered situations wherein
the entire simulation cell became a craze so that the drawing mechanism was exhausted. Further deformation
of the simulation cell resulted in stretching of the craze ﬁbrils and a consequent dramatic rise in the craze
stress, followed by craze breakdown. In the microlayers studied in the present work, as in most polymers,
the bulk material is not exhausted during the crazing process and hence the drawing mechanism will continue
to be operative. We have therefore taken craze thickening to continue to occur at constant stress, using a sim-
ple breakdown criterion based on critical craze opening.
2.2.2.5. Material properties for crazing. Here, we enumerate important factors that aﬀect craze initiation in
ductile/brittle microlaminates, and discuss the operational aspects pertaining to our modeling eﬀorts.
• It is well known that crazing is sensitive to network orientation (Beardmore and Rabinowitz, 1975; Maes-
trini and Kramer, 1991). Ductile/brittle microlaminates are manufactured by co-extruding the ductile and
brittle glassy polymeric constituents to form tens to thousands of layers, resulting in some level of molec-
ular orientation in the direction of co-extrusion. Beardmore and Rabinowitz (1975) and Maestrini and Kra-
mer (1991) have noted, respectively, for glassy polymers PMMA and PS, that resistance to craze initiationFig. 9. Predicted r1  2n0 response of a plane strain PMMA craze element of dimensions 1 lm · 1 lm. The element is deformed with a
velocity v1 = 1.7 · 103 lm/s in the maximum principal stress direction. Craze properties for PMMA hompolymer were used (see Table 2).
Table 2
Comparison of craze parameters for PMMA homopolymer and PMMA in laminate bulk
PMMA homopolymer PMMA in laminate
s^ðsÞ (6) 108 (6) 108
C (MPa) 2600 7000 (mean)
Q 0.0133 0.0133
Y (MPa) 90 90
a^v0ðms1Þ (2.314) 102 (1.45) 101
Y^ ðMPaÞ 237.5 237.5
B/kH 49 49
k01 2.313 2.313
kf 2 2
2n0c (lm) 2 2
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(1990) on PC/SAN microlaminates.Therefore the craze initiation resistance is higher in PMMA microlay-
ers, compared to the PMMA homopolymer.12 We model this eﬀect by raising the value of C in Eq.(11) (see
Table 2), compared to that of the PMMA homopolymer. For convenience, the values for material param-
eters Q, Y and s^ for PMMA microlayers are kept identical to those for PMMA homopolymer.The expected
increased craze ﬂow stress (due to network orientation)(Maestrini and Kramer, 1991) in PMMA microlay-
ers is modeled by decreasing the value of a^v0 in Eq. (14) compared to PMMA homopolymer. For simplicity,
the maximum craze opening in PMMA microlayers is kept the same as that for PMMA homopolymer.
Table 2 summarizes the craze properties of PMMA microlayers and PMMA homopolymer. Note that
Table 2 shows the mean value for parameter C for PMMA microlayers in PC/PMMA laminates. The mean
value for C is associated with its Weibull probability density function, discussed in the next bullet.
• The presence of defects in the PC/PMMA microlaminates has two important eﬀects. First, since the mag-
nitude and type of local stress concentration induced by the defects varies from one defect to another, the
propensity of craze initiation in the vicinity of defect sites also varies.We model defects in the crazeable por-
tion of the PMMA layers through a 3-parameter Weibull distribution in the craze initiation material
parameter C. In this setting, ‘‘low’’ values of C correspond to defects. Second, crazing is known to prefer-
entially initiate from the surface and the immediate sub-surface of specimens.We model this by reducing the
mean value of C at the surface, compared to the mean value of C within the bulk of the material.13 Details
on the Weibull representation are provided in Appendix B.Fig.10(a) shows the shear loci14 for PC and
PMMA, and the craze loci15 for PMMA at the surface corresponding to four diﬀerent values of C: (1)
C ¼ csw; (2) C ¼ lsw  rsw; (3) C ¼ lsw; and (4) C ¼ lsw þ rsw (where cw, lw and rw indicate, respectively, the
Weibull location parameter, mean and standard deviation, and the superscript ‘s’ indicates ‘surface’). Sim-
ilarly, Fig.10(b) shows the craze loci with the four levels of the C parameter corresponding to the bulk prop-
erties:cbw, l
b
w  rbw, lbw, and lbw þ rbw (the superscript ‘b’ indicates ‘bulk’).12 For PMMA homopolymer, the craze initiation parameters s^ and Q are not known for PMMA, and were taken to be the same as that
for PS. Based on the shear yielding parameters for PMMA given in Table 1, the tensile yield strength for PMMA is Y = 90 MPa at an
applied strain rate of 1.7 · 103 s1, which corresponds to the macroscopic strain rate in our RVE studies. The parameter C = 2600 MPa
was obtained by bringing the Argon-Hannoosh craze locus close to the Sternstein-Ongchin craze locus (Sharma, 2006). The parameters B/
KH, bY and k01 are taken from Argon and Salama (1977), while kf is given by Kramer (1983). The maximum critical craze opening, 2n0c, for
PMMA is based on Doll’s data (Doll, 1983). The parameter a^ for PMMA was taken to be the same as for the PS matrix in HIPS: a^ ¼0.282
(Piorkowska et al., 1990). v0 for PMMA is given by Argon and Salama (1977).
13 We note in passing that craze breakdown is also defect sensitive, and hence naturally leads to statistical variations (e.g., Kramer and
Berger, 1990). Here, we have kept the critical craze opening constant for simplicity. Since craze initiation is the ﬁrst inelastic deformation
process in ductile/brittle laminates, it is crucial to model the craze initiation statistics.
14 The shear yielding loci are based on the pressure and rate-sensitive von-Mises yield function re ¼
ﬃﬃﬃ
3
p ½s0ð_eÞ  arh, where s0 is the
strain-rate dependent initial shear strength of the material, and a is the pressure sensitivity.
15 The craze loci are based on the time-independent form of Eq. (11): C/re  3rh/2QY = K where the value of K = 20 is chosen to closely
match the craze initiation stress given by the time-dependent equation Eq. (11).
Fig. 10. Predicted shear loci of PC and PMMA, and craze loci of PMMA based on the following four values of craze initiation parameter
C: cw (minimum) lw (mean), lw  rw (mean-std), and lw + rw (mean + std) (a) for free surface of the RVE, (b) for bulk of the RVE.
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laminate, could also be captured by explicitly modeling surface defects in the ﬁnite element discretization.
Selection of appropriate size and spatial distribution of defects, however, would unavoidably entail some arbi-
trary choices. A more eﬀective avenue to incorporate the eﬀects of surface defects is to modify the parameters
of the Weibull distribution for craze initiation. We have followed the latter approach in this work.
2.2.3. PC/PMMA interface description
It is well recognized that laminate interfaces play an important role because they govern the degree of stress
transfer between layers, and in the case of ductile/brittle laminates will inﬂuence the synergy between crazing
and shear yielding. From the work of Kerns et al. (2000), it is clear that the PC/PMMA system has a very high
interfacial strength GIc  950 m2, as measured by the T-peel test, compared to GIc  70  90 Jm2 for PC/
SAN, and GIc  5  25 Jm2 for PS-PPE/PE (Van der Sanden et al., 1994). Unlike PC/SAN, which is known
to undergo local delamination at sites of craze opening, there seems to be no observable delamination in the
case of PC/PMMA. In the simulations on PC/PMMA presented in this study, we assume that the interfaces
remain perfectly bonded throughout the progression of deformation.
3. Results
The detailed connections amongst the microstructure, deformation and failure mechanisms, and the mac-
roscopic response for both 2D and 3D simulations are explored via macroscopic and microscopic metrics. The
macroscopic metrics include the macroscopic nominal stress, the normalized craze volume, /craze, and the nor-
malized volume of failed PC, /PC, and PMMA, /PMMA; these quantities are examined as a function of the
nominal axial strain imposed on the RVE. The normalized craze volume, /craze, is deﬁned as:/craze ¼
Volume of crazed region
Undeformed PMMA volume
ð20ÞFailure volume fractions are deﬁned as/PC ¼
Undeformed volume of failed PC elements
Undeformed PC volume
ð21Þ
/PMMA ¼
Undeformed volume of failed PMMA elements
Undeformed PMMA volume
ð22Þ
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although, according to our simulation results, the predominant contribution is from craze breakdown, and
not from excessive plastic stretch. In general, exact values of these quantities will exhibit some dependence
on ﬁnite element discretization parameters, particularly element size. As discussed in Section 2.2.2.3, element
size has a physical interpretation in the proposed framework for craze breakdown, and it is therefore held con-
stant for all simulations Under these conditions, the evolution of these fractions for a given deformation his-
tory can provide insights into the failure mechanisms of the laminates. The microscopic metrics are examined
using contour plots of craze opening 2n0 and accumulated plastic shear strain cp 
R t
0
_cpðsÞds.3.1. Results from 2D simulations
Detailed results of the macroscopic and microscopic metrics are presented for 2D simulations for the
fPC = 0.3 case and the fPC = 0.7 case. Trends corresponding to increasing levels of fPC from 0.3 to 0.7 are then
examined using the macroscopic metrics.3.1.1. Detailed 2D analysis for case fPC = 0.3
Here, we ﬁrst investigate in detail the connections between the macroscopic behavior and the behavior of
the underlying microstructure, as revealed by the 2D plane strain RVE model for the case fPC = 0.3. The craze
initiation properties are assigned to reﬂect the Weibull distribution for free surface conditions (Appendix B)
corresponding to cw ¼ csw (Fig. 10(a)). As the top boundary (Fig. 5(a)) of the 2D RVE is displaced in theFig. 11. Macroscopic response of 2D laminate with fPC = 0.3 at nominal strain rate _e ¼ 1:7 103 s1. Based on craze initiation
properties corresponding to free surface conditions ðcw ¼ cswÞ.
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nominal stress–strain curve of Fig. 11(A). The corresponding contour plot in Fig. 12(a) shows the nucleation
of a few isolated crazes, at locations of low resistance to craze initiation. No shear plasticity is evident from the
cp contour plot. From point (a) to (b) (e = 0.024), the nominal stress increases with nominal strain; there is
very little deviation from the linear elastic slope, consistent with the observations of Haderski et al. (1994)
on PC/SAN ductile/brittle laminates. Due to crazing in the PMMA layers, the normalized craze volume,
/craze, steadily increases with strain from (a) to (b) as shown in Fig. 11(B). The 2n0 contour plot of
Fig. 12(b) indicates the opening of crazes throughout the laminate, and the cp contour plot shows the initiation
of diagonal shear bands in PC at locations where crazes in PMMA impinge on the adjacent layers. It is evident
that the macroscopic yield is associated with both inelastic deformation mechanisms—crazing and shear yield-
ing. Between points (b) and (c) (e = 0.07), the nominal stress decreases due to a combination of the drop in the
stress after craze initiation in the PMMA layers and the strain-softening in the shear-yielding response of the
PC layers. /craze continues to increase steadily from (b) to (c). The c
p contour plot shows shearbands in PC
connecting the crazed regions in PMMA layers. Between (c) and (d) (e = 0.1), the nominal stress exhibits a
precipitous drop due to craze breakdown and crack formation in the PMMA layers, and the consequent local
stretching and failure of adjacent PC layers. This results in a percolated path of failed PMMA and PC across
the laminate thickness (Fig. 12(d)). This can also be seen in the increase in /PMMA and /PC with strain
(Fig. 11(C)). After the percolation of PMMA layer failure, /PMMA is seen to plateau somewhat with increasing
strain since all failure has now localized in those elements in the percolated path. Between points (d) and (e)
(e = 0.25), the macroscopic stress falls substantially, resulting in an almost complete loss of structural integrity
of the RVE at point (e). The reduced load-bearing capacity of the PMMA layers due to craze breakdown also
leads to highly drawn PC regions adjacent to PMMA cracks, as can be seen in the cp contour plot. The con-
tour plots also show the eventual failure of the PC layers, which initiate due to the large local stretching of PC
in the vicinity of the failed PMMA crazes.Fig. 12. Contour plots of craze opening 2n0 (left column) and accumulated plastic shear strain c
p (right column), corresponding to Fig. 11
(2D plane strain, fPC = 0.3).
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Simulation results for the case of fPC = 0.7 are shown in Figs. 13 and 14. The qualitative features for the
evolution in macroscopic and microscopic metrics with increase in strain are similar to those for the case of
fPC = 0.3 with a few important distinctions. Comparing the nominal stress–strain curve for fPC = 0.7
(Fig. 13(A)) with that for fPC = 0.3 (Fig. 11(A)), a similar post-yield behavior is observed with a somewhat
gradual decrease in stress with strain from points (b) to (c) due to the initiation and initial opening of multiple
crazes in the PMMA layers. However, in the fPC = 0.3 case, the steep drop in stress from point (c) to (d) was a
result of the percolation of a band of dramatically opening crazes which began to experience craze breakdown;
these crazed regions were only bridged by thin layers of highly stretched PC. In contrast, in the case of
fPC = 0.7, the PC layers are relatively thick compared to the percolated diagonal band of craze opening;
the inelastic stretching of these thicker bridging PC layers helps to somewhat stabilize the craze opening which,
in turn, leads to the opening of additional crazes (not in the diagonal band) and also makes the craze break-
down progress more disperse in the laminate as well as more gradual with respect to macroscopic strain.
Hence, the fPC = 0.7 case does not exhibit a precipitous drop in stress, but a more gradual decrease in stress
with increase in strain and a corresponding gradual increase in /PMMA (and /PC) with strain (Fig. 13(B)).
While the fPC = 0.7 behavior is clearly a more desirable and stable failure behavior than that observed in
the fPC = 0.3 case, it is still characterized by a monotonic decrease in load carrying capability with increase
in strain and would be diﬃcult to construe it as responsible for a jump in macroscopic tensile toughness of
a laminate.Fig. 13. Macroscopic response of 2D laminate with fPC = 0.7 at nominal strain rate _e ¼ 1:7 103 s1. Based on craze initiation
properties corresponding to free surface conditions ðcw ¼ cswÞ.
Fig. 14. Contour plots of craze opening 2n0 (left column) and accumulated plastic shear strain c
p (right column), corresponding to Fig. 13
(2D plane strain, fPC = 0.7).
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Fig. 15 shows the macroscopic results for varying levels of fPC obtained with the craze initiation properties
corresponding to free surface conditions, characterized by the Weibull parameter cw ¼ csw (i.e., the same prop-
erties used for the simulations of Figs. 11–14). Fig. 16 shows the results for a similar study conducted using
craze initiation properties corresponding to the ‘‘bulk’’ conditions characterized by the Weibull parameter
cw ¼ cbw. Similar results were obtained with both craze initiation properties. Referring to Figs. 15A or 16A,
the nominal stress–strain curves indicate the correct trend in predicting the increased ductility and tensile
toughness with increasing fPC. In particular, the magnitude of the dramatic drop in stress at a macroscopic
strain of about 0.07 is seen to monotonically decrease as fPC is increased, transitioning to the absence or near
absence of a stress drop when fPC = 0.7. Although the simulations capture a basic trend towards an increase in
tensile toughness with an increase in fPC, the results do not convincingly capture the jumps in toughness exper-
imentally observed as the PC volume fraction is increased from fPC = 0.50 to fPC = 0.60. It is noteworthy that
the /craze, /PC and /PMMA plots in Figs. 15 and 16(B)–(D) do not show signiﬁcant sensitivity to fPC.3.2. Results from 3D simulations
Detailed results of the macroscopic and microscopic metrics are presented for 3D simulations for the
fPC = 0.3 case and the fPC = 0.7 case. Trends corresponding to increasing levels of fPC from 0.3 to 0.7 are then
examined using the macroscopic metrics.3.2.1. Detailed analysis for case fPC = 0.3
Figs. 17 and 18 show the macroscopic response and the associated contour plots at diﬀerent stages of the
deformation, corresponding to points (a)–(e) in Fig. 17 for the 3D case of fPC = 0.3. For clarity, (unlike the 2D
Fig. 15. Evolution of (A) nominal axial stress, (B) normalized craze volume, /craze, (C) /PMMA and (D) /PC, with nominal axial strain for
2D plane strain RVEs at nominal strain rate e = 1.7 · 103 s1, as a function of fPC. Based on craze initiation properties corresponding to
free surface conditions ðcw ¼ cswÞ.
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ing. The cp contour plots for the PC layers have been rendered translucent to enable visualization of shear
plasticity within the 3D RVE.
In Fig. 17, prior to point (a), the specimen, subjected to uni-axial loading along the 1-axis, deforms elasti-
cally. The initial (elastic) slope of the nominal stress–strain curve is the volume-averaged uni-axial elastic mod-
ulus of PC and PMMA. At point (a), the contour plot for 2n0 in Fig. 18 indicates that 5 elements in PMMA
have initiated crazes. These elements correspond to the surface and immediate sub-surface of the specimen;
this is consistent with the relatively weaker resistance to craze initiation at and near the free surface, compared
to that found in the bulk (interior) of the RVE. The cp plot shows the absence of shear plasticity. At point (b),
which corresponds to the macroscopic yield stress, the 2n0 -contour plot shows that crazes initiating from the
surface and sub-surface have started to propagate towards the center of the specimen (which is the
x3 = 175 lm face by symmetry). Several ‘‘intrinsic’’ crazes, not emanating from the surface, have also devel-
oped in the specimen. These intrinsic crazes initiate at locations of weak craze initiation resistance, and are
physically associated with internal defects in the specimen, such as voids, heterogeneities, or molecular-level
defects. The cp plot shows shear-banding in the PC layers, especially at the free-surface x3 = 0 where the craze
density in the PMMA layers is high. At point (b), /craze is negligible. It is worth emphasizing that the macro-
scopic yield is associated with both shear yielding and crazing. Between points (b) and (c), the nominal axial
Fig. 16. Evolution of (A) nominal axial stress, (B) normalized craze volume, /craze, (C) /PMMA and (D) /PC, with nominal axial strain for
2D plane strain RVEs at nominal strain rate e = 1.7 · 103 s1, as a function of fPC. Based on craze initiation properties corresponding to
bulk conditions ðcw ¼ cbwÞ.
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breakdown at the surface, which can be inferred both from a non-zero /PMMA at point (c) and from the
2n0 contour plots at (c), where it is clear that several crazes have reached the maximum craze opening of
2 lm and have undergone breakdown. The decrease in the nominal stress is due to: (1) the shear softening
in PC and uncrazed-PMMA, (2) softening associated with the reduction of stress in a craze element from
the initiation to the ﬂow stress, and (3) a small amount of craze breakdown. In the region between (c) and
(d), the nominal stress decrease is sharp, and is associated with the sharp increase in /PMMA. The normalized
craze volume, /craze, also increases sharply highlighting that crazes are opening at a dramatic rate and indi-
cating localization of deformation in the PMMA craze regions. The contour plot at point (d) indicates a crack
that grew from the free-surface of the specimen towards the center of the specimen, and relatively smaller
cracks that grew from the center towards the surface. The cp plot for point (d) shows extensive plastic strain
in the vicinity of the crack. The failure from point (d) to (e) is marked predominantly by failure in PC. The fact
that the two dominant cracks are not in the same plane accounts for the non-zero stress at (e). Fig. 19 shows
the contour plots of craze opening, viewed in sections parallel to the 1–2 plane, for fPC = 0.3 at a nominal
strain of 0.07. The craze density decreases slightly as the section plane moves across the width of the RVE
from the surface edge plane x3 = 0 to x3 = 20 lm and then sharply from x3 = 20 lm to x3 = 40 lm.
16 A craze
at the bottom-right corner of the cross section can be seen to have tunneled deeply through the specimen.16 The sharp decrease in craze density from x3 = 20 lm to x3 = 40 lm is associated with the localization of deformation along a dominant
craze/crack that tunnels deeply into the specimen.
Fig. 17. Macroscopic response of 3D laminate with fPC = 0.3 at nominal strain rate e = 1.7 · 103 s1.
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For the 3D RVE with fPC = 0.7, until point (b) (see Fig. 20) the deformation is similar to that described for
the 3D case with fPC = 0.3. The deformation is locally and globally linear elastic until point (a). Point (a) is
associated with initiation of crazes in elements at or close to the free surface x3 = 0. The macroscopic stress
from (a) to (b) increases in a linear elastic manner because the volume fraction of regions deforming inelas-
tically, by either shear yielding or crazing, is very small. At point (b), associated with the macroscopic yield
stress, /craze is negligible and there has been no failure. Between (b) and (c), both /PMMA and /craze increase.
The contour plot of cp at (c) in Fig. 21 shows a signiﬁcant increase in the diﬀusion and percolation of shear
plasticity, when compared with point (c) in Fig. 18. Between points (c) and (d), the nominal stress decreases,
and is associated with a sharp increase in /PMMA. The normalized craze volume, /craze, increases gradually.
Several surface crazes have undergone breakdown and formed cracks. But these cracks have not propagated in
the 3-direction. This is in contrast to the case fPC = 0.3. Note that unlike the case fPC = 0.3, /PC is much smal-
ler than /PMMA for the case fPC = 0.7. A feature that distinguishes the case fPC = 0.7 from fPC = 0.3 is the
relative dominance of shear yielding (inferred from the lower /craze), and the considerably smaller amount
of /PC. The latter feature, in particular, accounts for the higher tensile ductility for fPC = 0.7. A point of cen-
tral importance is that the tunneling of the surface crazes into the bulk of the RVE is signiﬁcantly lessened in
the case fPC = 0.7 as compared to the fPC = 0.3 laminate; this is in accord with the observations of Sung et al.
(1994c) and provides an explanation for the higher toughness for fPC = 0.7 laminate. Fig. 22 shows the con-
tour plots of craze opening, as viewed in sections parallel to the 1–2 plane; it highlights that the craze density
decreases as one traverses the RVE from the surface x3 = 0 into the bulk of the laminate, and is qualitatively in
Fig. 19. Contour plots of craze opening 2n0 for 3D RVE with fPC = 0.3, viewed in the 1–2 plane, at diﬀerent depths: (a) x3 = 0 (surface);
(b) x3 = 20 lm; (c) x3 = 40 lm. Contour plots correspond to Fig. 17 at macroscopic strain e = 0.07.
Fig. 18. Contour plots of craze opening 2n0 (left column) and accumulated plastic shear strain c
p (right column) corresponding to Fig. 17
(3D, fPC = 0.3).
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Fig. 20. Macroscopic response of 3D laminate with fPC = 0.7 at nominal strain rate e = 1.7 · 103s1.
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ply for the fPC = 0.7 case as one traverses from the surface into the RVE in the 3-direction. Unlike the
fPC = 0.3 case, the fPC = 0.7 case displays inelastic deformation processes that are well-distributed throughout
the RVE.3.2.3. Parametric 3D study on the eﬀects of varying levels of fPC
Fig. 23 summarizes the macroscopic results for uni-axially loaded 3D RVEs, with varying levels of fPC.
Unlike the 2D results shown earlier, results with 3D RVEs are able to adequately capture the transition in
ductility at fPC = 0.6, consistent with the experimental results of Kerns et al. (2000) shown in Fig. 1. The /craze
plot shows that at a ﬁxed strain level, the normalized craze volume for fPC = 0.6, 0.7 is much lower than the
other volume fractions, indicating that at high fPC, shear yielding is the dominant mechanism in the laminate.
The failure plots indicate a staggering diﬀerence in /PC as fPC is increased, and a somewhat lesser eﬀect on
/PMMA. The transition in ductility is primarily due to the constraining eﬀects of the PC layers which, at higher
volume fractions, are able to prevent the tunneling of the PMMA crazes and thus promote overall shear yield-
ing. It is noteworthy that in contrast to the 3D RVE models, the /craze and /PC plots for 2D RVE models in
Figs. 15(B) and (D) did not show signiﬁcant sensitivity to fPC. These results highlight the superiority of the 3D
RVE over its 2D counterpart in qualitatively predicting the macroscopic response of ductile/brittle laminates,
and also underline the importance of including the eﬀects of craze and shear yielding propagation along the 3-
direction.
In order to determine the eﬀect of initial distribution of crazing events, we ran simulations for the cases
fPC = 0.3,0.5,0.7 with the same Weibull distribution, but with three diﬀerent random seedings. Results for
Fig. 21. Contour plots of craze opening 2n0 (left column) and accumulated plastic shear strain c
p (right column) corresponding to Fig. 20
(3D, fPC = 0.7).
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dictions are not unduly sensitive to initial conditions (Sharma, 2006).
4. Summary and conclusions
2D and 3D RVE micromechanical models of microlayered polymeric laminates were constructed to
investigate the mechanisms underlying the deformation and tensile toughness in ductile/brittle laminates,
with emphasis on PC/PMMA microlaminates. The RVE micromechanical models incorporated physics-
based constitutive models for inelastic deformation due to shear yielding (in PC and PMMA layers) and
crazing (in PMMA layers), as well as criteria for ductile failure (based on critical stretch) and brittle failure
(based on critical craze opening). Further, the micromechanical models accounted for the defect sensitivity
of craze initiation in the brittle layers by incorporating Weibull statistics for craze initiation parameters. The
interface between the ductile and brittle layers was assumed to be perfectly bonded throughout the defor-
mation history.
Fig. 22. Contour plots of craze opening 2n0 for 3D RVE with fPC = 0.7, viewed in the 1–2 plane, at diﬀerent depths: (a) x3 = 0 (surface);
(b) x3 = 20 lm; (c) x3 = 40 lm. Contour plots correspond to Fig. 20 at macroscopic strain e = 0.07.
Fig. 23. Evolution of (A) nominal axial stress, (B) normalized craze volume /craze, (C) /PMMA and (D) /PC, with nominal axial strain for
3D RVEs at nominal strain rate e = 1.7 · 103s1, as a function of fPC.
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the 3D RVE studies, suggests that the pre-yield laminate response for all fPC is governed primarily by the elas-
tic stiﬀness of the constituent layers; in this regime, the volume fraction of the laminate material undergoing
Fig. 24. Evolution of (A) nominal axial stress and (B) normalized craze volume /craze for fPC = 0.3, 0.5, 0.7 for three diﬀerent random
seedings. Results are not very sensitive to the initial condition.
2198 R. Sharma et al. / International Journal of Solids and Structures 45 (2008) 2173–2202inelastic processes is very limited.17 However, the post-yield laminate deformation and toughness depends sig-
niﬁcantly on fPC. For laminates with ‘‘low’’fPC (=0.3), the post-yield response can be characterized by a sharp
drop in the load-bearing capacity of the laminate, and is associated with the tunneling of crazes across the
width of the laminate, followed by the localization of deformation in a few tunneled crazes; the relatively thin
PC layers do not provide suﬃcient reinforcement to attenuate the tendency towards localization. In contrast,
for laminates with ‘‘high’’ fPC(=0.7), the post-yield laminate response is characterized by a small initial drop in
the load-bearing capacity of the laminate, followed by sustained drawing of the laminate for relatively large
strains. The relatively thicker PC layers inhibit the tunneling of crazes and also limit the craze opening, result-
ing in signiﬁcantly more well-dispersed shear yielding in the laminate. In particular, inhibition of craze growth
(tunneling as well as thickening) in the ‘‘high’’ fPC case delays craze breakdown and cracking of PMMA layers
and also reduces failure in PC layers by limiting the local stretching of PC layers at sites adjacent to opened
crazes. These factors result in signiﬁcantly higher toughness for the ‘‘high’’ fPC case compared to the ‘‘low’’ fPC
case. Consistent with the stress–strain data of Kerns et al. (2000), our model predictions show modest increase
in ductility when fPC increases from 0.3 to 0.5, followed by a sharp increase in ductility at fPC = 0.6. The tran-
sition in ductility at fPC = 0.6 is associated with the inhibition of craze tunneling due to the constraining eﬀect
of thick PC layers; the inhibition of craze tunneling is in line with the experimental observations of Sung et al.
(1994c) on PC/SAN microlaminates. In contrast to 3D RVE models, 2D RVE models by deﬁnition do not
account for the inelastic events in the 3-direction, and hence are not able to adequately capture the increasing
ductility of the laminates with increasing fPC, and in particular fail to capture the transition in ductility at
fPC = 0.6. These results highlight the importance of synergistic interactions between crazing and shear yielding
events acting to create numerous inelastic events needed for toughening a material system. However, these
results also demonstrate the need for the overall material design to adequately delay any of these inelastic
events from progressing to catastrophic failure if one is to achieve signiﬁcant toughness at a global material
system level.Acknowledgments
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The bulk matter in the craze element is assumed to be isotropic, while the crazed matter is transversely iso-
tropic with the plane of circular symmetry perpendicular to the maximum principal stress direction (which is e1
as shown in Fig. 8).
For compactness, the stiﬀness matrix for both the bulk matter and crazed matter is written as (using Nye’s
notation):18 Sin
elastic
and coC ¼
C11 C12 C12 0 0 0
C12 C22 C23 0 0 0
C12 C23 C22 0 0 0
0 0 0 ðC22  C23Þ=2 0 0
0 0 0 0 C66 0
0 0 0 0 0 C66
2666666664
3777777775
where for the isotropic bulk matter, the following relations hold: Cbulk11 ¼ Cbulk22 , Cbulk12 ¼ Cbulk23 and
Cbulk66 ¼ ðCbulk11  Cbulk12 Þ=2. The eﬀective behavior of the craze element can now be exactly established by apply-
ing (a) an arbitrary uniform strain ﬁeld, (b) the local equilibrium equations, and (c) the constitutive equations
for the bulk and crazed matter. Clearly, the eﬀective stiﬀness matrix is transversely isotropic with the same
symmetry as that of the crazed matter. The ﬁnal result isCeff11 ¼ hC111 i1; Ceff12 ¼ hC111 i1hC12C111 i1; Ceff22 ¼ hC12C111 i2hC111 i1 þ hC22  C212C111 i;
Ceff23 ¼ hC12C111 i2hC111 i1 þ hC23  C212C111 i; Ceff66 ¼ hC166 i1where h . . . i = 2g0( . . . )bulk + 2n0( . . . )craze represents the volume average of (. . .) in the craze element.
Sha et al. (1995) have determined the following elastic parameters for the craze matter through a 2D ide-
alized spring network under plane strain for PS: C11 = 720 MPa, C22 = 4.8 MPa, C12 = 14 MPa and
C66 = 14 MPa. Although C23 is not known, the positive deﬁniteness of the stiﬀness matrix requires that
C23 < C22 = 4.8 MPa. Here, we take C23 = 2 MPa. To obtain the corresponding Cij for PMMA, we make
the following estimate: Cij
PMMA = (EPMMA/ EPS)Cij
PS, where EPMMA = 3250 MPa and EPS = 3000 MPa are
the elastic moduli for bulk PMMA and PS, respectively.18Appendix B. Statistics of craze initiation
Here, we discuss the operational aspects pertinent to our modeling of craze initiation in ductile/brittle lam-
inates. Table 3 gives the Weibull parameters for C within the bulk and at the surface of the laminate; the other
craze initiation parameters are considered constants. Note that the Weibull parameters corresponding to the
bulk of the laminate diﬀer from their ‘‘surface’’ counterparts only in the cw term. While these values are not
based directly on experimental data, they were chosen to capture the experimentally observed competition
between shear yielding and crazing in the brittle layers.
In our model, we account for the eﬀects of surface defects on craze initiation by introducing a preferential
bias to surface craze nucleation through an adjustment of the Weibull parameters. The Weibull parameters bw
and gw for C are considered to be independent of x3. We consider two values for the parameter cw: a bulk
value, cbw, representative of nucleation conditions in the interior of the material, and a diminished surface
value, csw, accounting for the eﬀects of surface defects. The eﬀects of surface defects are expected to diminish
with increasing distance from the surface over a characteristic length, dc. We assume a smooth linear variation
for cw between its surface and bulk levels according to the following functional form:ce the stress associated with a craze is primarily governed by the drawing of uncrazed matter into the craze ﬁbrils, and not by the
stiﬀness of the craze structure, the assumption that PMMA and PS crazes have a similar microstructure does not aﬀect our results
nclusions.
Table 3
Weibull parameters for C within the bulk of the specimen and at the surface
Bulk Surface
cw (MPa) 3400 1700
gw (MPa) 3950 3950
bw 4 4
Here cw, gw and bw are, respectively, the location, scale and shape parameters.
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csw þ ðcbw  cswÞ x325 ðif x3 < dcÞ
cbw ðif x3 P dcÞ
(
where x3 indicates normal depth from the surface. Dimensional arguments can be invoked to infer that dc
should be comparable to characteristic in-plane surface dimensions, such as typical layer thicknesses. In the
analyses presented in this study, we have selected a value dc = 25 lm. In Sharma (2006) sensitivity studies were
conducted in which the decay length dc was varied from 25 to 5 lm. It was noted that variations in dc did not
signiﬁcantly aﬀect the microscopic and macroscopic response.
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